Lesson 61

How do you determine if a sequence converges or diverges?

Quick Check

Describe a pattern for each of the following sequences. Then use your description to
write a formula for the n'” term of each sequence.

1 11 1 10 10 10 10
10
n’2’4’8’16’ = 376710 15’
1 1 1 1 1 4 9 16 25
 — S
= 2767247 120 n4’9’16’25’36’
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Sequence

A sequence is defined as a function whose domain is the set of positive integers.

f(x) 2 alx) »an) - ay

1 1
f(x) = ; = Ay = ;
1 \-
\. f(x)is continuous
\.H'*"u._ a, is discrete
12 34 56

expanded form: a,, a,, as, ... ay,... nthterm
(1Y _,111 1
In our example: —f = 1,5,5,2,...,;,
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Understanding the formula for a sequence

List the first four terms of each sequence.

Da, = {3+ (-1)" B, - {2

n
1y, = { 5 } L3 Recursively defined sequence d,,,
" whered; = 25and d,.1 =d, — 5
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Limit of a Sequence

=Y

0l 123 4

Let L be a real number. Let f be a function of a real variable such that

lim f(x) =L

r— 00

If a,, is a sequence such that f(n) = a,, for every positive integer n, then

lim a, = L
n—oo
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Properties of Limits of Sequences

Let im g, = L and lim b, = K.

n—co n—00
1. lim (@, +b) =L+ K 2. lim ca, = cL, cis any real number
n—oo n—o0
: a, L
3. lim (a,b) = LK 4, lim —=—, b, #0and K # 0
n—>co n—oco b, K

Find the limit of the sequence.

qus)
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Convergent or Divergent

B, = {3+ (1)) a.

|
N
S
e —

2" — 1

abn:{l—nQn} ﬂbn:{(—l)”l}

n!
Try Squeeze Theorem
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Absolute Value Theorem
For the sequence {a,}, if

lim |a,| =0  then lim a, = 0.
n— 00 n— 00

Results follow by the squeeze theorem.

_‘an‘ S an S ‘an’
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Find the n'” term of a Sequence

Find a sequence a,, whose first five terms are

2 4 8 16 32
1’3’5 7797

and then determine if the sequence converges or diverges.
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Monotonic Sequences and Bounded Sequences

A sequence a,, is monotonic if its terms are nondecresing.

a1§a2§a3< ..§an<...

or if its terms are nonincreasing

n n
A A
a, a, i 4+
4+ . ~
// \ /
\ / 3 -+
3+ / \ / 3T 2n
' (b} = {122} (en} = (52
/ \\ /I " 1+n -l n on
2+ 4 L 2 2
a a -
1 3 -y _——— e
L - - b b3 4 1+ P C2
1+ {a,} ={3+(-D"} 1 2 c
b, 1
——————F—>n > ]
1 2 3 4 1 2 3 4 1 2
(a) Not monotonic (b) Monotonic (¢) Not monotonic
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Determine if a sequence is monotonic

Wa,=3+(—1)"

2n
=115
a 1+n

,n2
BC’”_{zn—l}
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Definition of a Bounded Sequence

1. A sequence {a,} is bounded above if there is a real number M such that
a, < M for all n. The number M is called an upper bound of the sequence.

2. A sequence {a,} is bounded below if there is a real number N such that
N < a, for all n. The number N 1is called a lower bound of the sequence.

3. A sequence {a,} is bounded if it is bounded above and bounded below.
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Bounded Monotonic Sequences

T

Theorem: If a sequence is bounded and monotonic, then it converges.

Examples: Which sequence is convergent? What does this mean?
B a, = {1/n}

BAb,={n*/(n+1)}

Bc,={(-1)"}
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Practice

Find the limit (if possible) of the sequence.

5n?2
Wa, =
n? 4+ 2
2
Aa, = e
vn?+1
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